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Stasheff 
This paper studies the structure of Thorn modules. These are the purely algebraic analogue of 
the cohomology of a Thorn space. Special emphasis is placed on Thorn modules over the ring of 
invariants of a finite group generated by pseudoreflections. 
1. Definitions and basic concepts 
Let p be an odd prime and denote by &‘* the modp Steenrod algebra. (The 
changes to accomodate the prime 2 are standard and left to the reader.) If R* is an 
unstable &* module, then R* @ .A’* denotes the semi-tensorproduct of R* and &‘* 
]6,71. 
We will assume familiarity with the basic notions of invariant theory, and in par- 
ticular with invariant theory of groups generated by pseudoreflections, as found for 
example in [2,8,10] and [3]. 
Definition. Let R* be an unstable algebra over ,_PJ*. A Thorn module M over R* 
(and &*) is an R* 0 aZ* module that is free of rank 1 as an R* module. The Thorn 
module is called unstable if it is unstable as an d* module. 
Example 1. M=E?*(T([lX);FP) where <AX is a vector bundle (oriented if p>2), 
is a Thorn module over R* =H*(X;FP). 
Example 2. Let I/ = 0, FP, G< GL(V) and < : G + F; a linear character. Assume 
that G is generated by pseudoreflections. Let P(V) denote the algebra of polynomial 
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functions on I/, i.e. P(V)=(F,[V*]. We regard P(V) as graded by giving the 
elements of V* degree 2. The action of G on V induces in a natural way an action 
on P(V). Let 
R(VG = U-eR(V I sf=fl 
be the ring of invariants and [lo] 
R(U,G = U-eR(U I gf = XWf 1 
the module of X-relative-invariants. Then the modp version of a theorem of Stanley 
[l l] says that P(V): is a Thorn module over P(V)G. (See also Theorem 2.5.) 
One of our goals is to determine when an example of type 2 is geometrically 
realizible as an example of type 1. (See Section 4.) 
Definition. Let A4 be a Thorn module over R*. A homogenous generator of A4 as 
an R*-module is called a Thorn class. If U is a Thorn class we define the q-class of 
A4 by the formula: 
P(U) = qu 
where 
P= 1+P’+P2+.** 
is the total Steenrod reduced power operation, and 
q= l+ql+q,+..., qiER2i’p-1’. 
If we need to specify the module we write q;(M). 
Following Adams [l] we introduce an unstable &‘* algebra 
g* = ~J4,,92, ... 1, degqi = 2i(p- 1) 
as follows. For each n E N define the algebra 9*(n) by 
s*(n) = FJt,, . . ..tJGn 
where 
- G,=@,&VC,,; 
- the symmetric group C, acts by permuting the basis elements {tr, . . . , tn} which 
are of degree 2; 
- 0, F; acts on 0, FP=Span{tl,..., t,,} by coordinatewise scalar multiplication. 
It is elementary to show that 
g*(n) = ~J4*, . . ..4nl. 
The Steenrod algebra acts unstably on ffp[t,, . . . , t,] by 
p&) = t;+tF, i= l)...) n, 
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inducing on S!*(n) an unstable &* algebra structure. We let 22 *= lim 2 *(n). 
Given a Thorn module over R* the q-class of M determines a map of algebras 
qM: 9*+R* 
by the formula 
4M(4i) = q;(M). 
The map qM is called the classifying map of the Thorn module M. 
Lemma 1.1. There are universal polynomials 
Pi, j(41, o--3 4i+j) E 8* 
such that for any Thorn module A4 over R* and d* 
pi(qj(M)) = 4Mu(Pi,j(419 ... 9 4i+j)) 
in R*. (This says that the subalgebra of R* generated by the q classes of a Thorn 
module A4 is an .A$* subalgebra.) 
Proof. We prove this by double induction over i and j. First note that 
i>j(p- 11, 
i =j(p- l), 
by unstability of R*. This means we may confine attention to P’(qj) where 
i< j(p - 1). We proceed by upward induction on i+ j and downward induction over 
i. As P’(qO) and PO(qj) present no problems, the induction starts. Our inductive 
hypothesis is that P’(qj(M)) has the correct form for 
i+j<m+k 
and 
i+j=m+k and i<m. 
To compute P”(q#)) we have by the R* @AZ* module structure of M: 
PmPk u, = P”(qk(iid) &,,) 
= (p”qk(M)) UM + SF0 (pm -sq,(M))(p”(hf)> 
= pmqkcM)+ c pm-S(qk(M>)%(M) %I 
s>o > 
where U, E M is the Thorn class for the module M. We may assume m < k(p - 1) < 
kp so we may apply the Adem relation for PmPk to obtain 
b/PI 
PmPkU, = ,go a,(m, k)Pm+k-tPf UM 
> 
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WPI 
= ,go at@% w “+k-f(qt(~)uM) 
WPI 
= E. a,(m, k) C p “+k-t-J(qt(M))(qj(M)U~) 
j 
where 
a,(s, t) = (- l)r+S ( (t- l)(p- 1)-l S-pr >. 
Equating the coefficients of U, (= de-Thomifying) in these formulas and re- 
arranging terms gives 
pmqkWf) = C a,@,@ C (P”+k-l-jqf(M))qj(M) 
t=o j 
in R*. On the right-hand side the terms of the second sum all satisfy the inductive 
hypothesis because s> 0, while those of the first sum satisfy the hypothesis because 
t < m. This completes the inductive step and hence the proof. 0 
Example. To compute P’(q2) by the above procedure we have: 
P’P2UM = 3P3l7, = 3q,(M)U,, 
P’P’G = P’(qW)W = (P1q2(M)+q2(M)q,(M))U, 
and so 
P’q,ef) = 42wmof)-3q3wf) = %4G?2ql- %I,). 
Proposition 1.2. The classifying map 
qM:L2*+R” 
of a Thorn module A4 over R* @ &* is a map of algebras over the Steenrod algebra. 
Proof. For n > 0 let T(n) be the Thorn module over 2* defined by 
T(n)* = 22*(n)E c P[t,, . . . , t,] 
where E= t, a.1 t,. Then 
P(E)=qE, q= l+q,+...+q,E9*(n). 
Therefore the action of the Steenrod algebra on S?*(n) is given by the universal 
polynomials (Lemma l.l), which says that qM is a map of algebras over the 
Steenrod algebra. 0 
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Remark. The Thorn module T*(n) over 22*(n) is in fact P[ti, . . . , t,]f; where 
det : G, --f F; is the determinant. Note that for p = 3, T*(n) = H*(MSO(n); F,). As 
will be seen in Section 4, 3 is the only odd prime for which T*(n) is the modp 
cohomology of a Thorn space. 
Let A4’ and M” be Thorn modules over R*. It is not difficult to see that M’ OR* M” 
is again a Thorn module over R*. Thus the isomorphism classes of Thorn modules 
over R* form a semigroup with unit. A result of Handel [4, Theorem 1.71 shows 
that this semigroup is in fact an abelian group. Let Th(R*) denote the group of 
Thorn modules over the unstable vBz* module R*. If @ : R* + S* is a morphism in 
the category K of unstable algebras over the Steenrod algebra, then 
Th(@) : M+ S” OR* A4 
defines a morphism 
Th(@) : Th(R*) + Th(S*) 
(since M is free over R*, S*OR*M is free over S*). 
Theorem 1.3. The natural transformation 
q : Th(R*) + Hom,(2*, R*) 
is an equivalence of functors. 
Proof. If two Thorn modules have the same q-classes, then clearly they are iso- 
morphic. Thus q is manic. On the other hand, suppose we are given a homo- 
morphism in K 
$1 S*+R*. 
Let T * = lim, ~ ,-_ T*(n). Then T*Os* R* is a Thorn module over R*, and @= 
qT* OS* R*. In this way one sees that q is also surjective. The abelian group struc- 
ture comes about because the map 
a*+a*@.2*, q-+404 
whereq=l+qi+... makes 4* into a Hopf algebra over the Steenrod algebra. 0 
Remarks. (1) Handel shows [4, Theorem 3.61 in a much more general context that 
there exists a Hopf algebra over the Steenrod algebra Hs* (in general quite huge) 
such that 
Th(R*) = Hom,,,,*(H$, R*) 
where Horn is taken in the category of algebras over the Steenrod algebra (no in- 
stability assumed). Since the target algebra R* is unstable, any homomorphism 
H$+R* 
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factors through the universal unstable quotient 
Unq(H&) = H_$ /J 
where J is the ideal generated by the instability 
J = (xp - Pdx, Pjx / 2d = deg(x) < j). 
Thus 
Th(R*) = HomK(Unq(H$),R*) 
condition, i.e., 
and therefore we conclude that Unq(H2,) = S!*. 
(2) Th(R*) is a module over the p-adic integers Z$. To see this, note that 
$~Horn~(g*,R*) 
is completely determined by 
@(l+q,+.**)= l+@(q,)+***. 
If a=a0+alp+a2p2+... EZ~, then 
4%) =j~~(l+~(ql)~‘+o(42)pi...)e 
is well defined, because the product is finite in any homogenous degree. 
2. Relative invariants 
Let I/ = 0, FP and suppose G< CL(V). We consider Thorn modules over P(V)’ 
and determine their structure. Throughout we regard P(V) as graded with V* in 
degree 2 for p odd and I’* in degree 1 for p = 2. We present proofs only for the case 
p>2. The changes needed for p= 2 are standard. 
Proposition 2.1. Suppose MET~(P(V)~) with finite q class (i.e. qj(M)=O for j 
large). Then M = P(V)‘U for some class UE P(V) which is a product of two- 
dimensional classes. 
Proof. Since M is free of rank 1 over P(V)‘, the module MOPcVjc P(V) is free 
of rank 1 over P(V), and hence it suffices to prove the proposition for G = {l}. Let 
q= l+q,+*.*q,EP(V) 
be the q-class of M. We have 
a*(m) = F&i, . . ..4ml c 5p,rt,, . . . . t,1 
where 
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Qj(, ***9 ) being the elementary symmetric polynomials. Therefore one easily sees 
W&J = qP- C&l 
in 3?*(m) and hence in P(V). By [5, Theorem 2.51, qm is a product of two- 
dimensional classes. So we may write 
&-- 1) 
qm= n Xi, XjE I/*. 
i=l 
We then have 
qP-‘qm = P(q,) = n (1 +xipP’)q,. 
i=l 
From this it follows that 
4P- 1) 
4 p-l = ;F1 (1 +xi”-1). 
Set 
4= l-ql+q~+...+(-lyq,. 
Then 
m- 1) NP- 1) 
4’-’ = igl C1 -xf-‘> = ;Fl ,!I C1 -Axi) 
p* 
and therefore 
m(P- 1) 
Q= n (l-Dj) 
j=l 
such that 
UjE{AXi 1 i= l,***,KV(p-l),ItEE~}. 
Furthermore, each 1 - ~Xj, A E F; must occur as a factor of 4 (irreducibility of 
1 - Axj in P(V) and if it occurs s times in 4, then it occurs s(p- 1) times in QpP ‘. 
Therefore in the set {Xj} there must be S(P - 1) factors that are multiples of Xj, i.e., 
m(P- 1) 
4m = JJl xi 
where the factors occur in groups of p- 1 all on the same line through the origin 
in I/*. Thus choosing one element out of each line we have 
and 
qp-1 = Jl (1 +.Y;-l))p-l, 
( 
Since (p - 1)st roots are unique in 1 + P(V)‘, we have 
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q= fi (1+$-i) 
i=l 
so U= ny! i X~ and is a product of two-dimensional classes. q 
In fact more is true. Let us return to MET~(P(V)‘) with finite q-class. We have 
already seen that the Thorn class U satisfies 
U= fi XieP(V). 
i=l 
The total q-class must be G-invariant, so if 1 +xyi”- ’ is a factor of the total q-class, 
then so is 1 +g_%$- ‘. Thus, if x is a factor of U, so is Agx for some A E E;. Take 
V* and divide it into orbits B,, . . . , B, of G. For each orbit B # (0) let 
eB= n uL 
LnB#0 
where the product is over one element uL out of each line L with L fl B # 0. This is 
the pre-Euler class of [9]. Then U= An, e,, where the product is over certain 
orbits. 
Corollary 2.2. Let M be a Thorn module with finite q-class over P(V)G. Then 
M = P(V)‘. U where U E P(V) is a product of pre-Euler classes. 0 
Thus the Thorn modules with finite q-class over P(V)’ correspond to products 
of two-dimensional classes UE P(V) such that P(V)’ - U c P(V) is closed under 
the action of the Steenrod algebra. Next note 
up = PdU= qJJEP(v)o. u 
where 2d = deg U. Therefore 
up-’ = q&P(v)‘, 
and thus there exists a character [5,9] 
x:G+IF,* 
such that 
g(U) = x(g)U for all ge G. 
(Just stare at the equation 
uP-'=guPP1=(gu)P-l 
and use unique factorization.) Therefore we have just proved: 
Proposition 2.3. If M is a Thorn module over P(V)’ with finite q-class, then M is 
contained in P(V): for a suitable character x : G --f 5;. 0 
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If eB is the pre-Euler class of an orbit B, then e, is the product of one element 
chosen from every line that intersects the orbit. The class eE is well defined up to 
a unit in F;. In [9] it is shown that there is a character xB : G -+ F;, depending only 
on the orbit B, such that 
ge, = xB(g)ee for all g E G. 
We recall that an element Q E GL(V) is called a pseudoreflection if
e(x) = x+ @(x)u 
for a fixed non-zero vector o E V, called the axis of the pseudoreflection, and a fixed 
non-zero linear functional @ : I/ + Fp. Note that (@, u) is not determined by Q 
uniquely, but only up to the action of a unit of FP. Namely (@‘, u’) and (o”, u”) 
determine the same pseudoreflection if and only if (A@‘, A-lb/)=(@“, v”) for some 
?&F;. 
We prepare the way for the next few results with a number of lemmas and obser- 
vations. 
Observation 1. If Q is the pseudoreflection associated to (4, u) and 0 E GL(V), then 
@@JO-’ is the pseudoreflection associated with (@OP’,Ov). 
Observation 2. Let Q E G be the pseudoreflection associated to (@, u), B the orbit of 
u under G, eB the pre-Euler class of B, and x B : G-t F$ the character such that [9] 
ge, = xB(g)eB for all g E G. 
Recall [9] that the order of xB gives the least power of eB that is G-invariant. Then 
we have x(e) =xs(@)“” for some (rB in N, and hence the character xx;“” vanishes 
on the conjugacy class of Q in G. 
Observation 3. If Q is a pseudoreflection associated to (Q, n), then Q has order prime 
to p if and only if G(u) # 0. If @J(U) = 0, then Q has order p. 
Lemma 2.4. Let GI GL(V) and x : G + [F p* be a linear character. Suppose that 
Q E G is a pseudoreflection of order prime to p such that x(e) # 1. Let x be the axis 
of Q and B the orbit of x under G. Then any x relative invariant is divisible by eB. 
Proof (after Stanley). Choose a basis {or, . . . , u,} for V such that u, is an axis of 
e, and 
~(Ui)=O for i=O,...,n-1, 
@(u,) + 0. 
This is possible because 1 ,Q 1 f 0 mod p. Then 
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@(oi)=oi for i=l,...,n-1, 
e(u,) = Au, for~=l+f$(v,)#l~~~. 
Regard F,,[v,,...,o,] as ~P[ul,...,u,~l][v,] and forfEEP[u,,...,v,] writefin the 
form 
f=fo+v,f,+**.+v~J; 
whereAEEP[vl ,..., v,_r] for i=O ,..., j. Then 
ef = e(fo+ Vnfi + “‘+V~fj)=fo+~V,fi+“‘+~jV~fj. 
If f cP(v)F, then 
ef = x(e)f = x(e)h+x(e)Vnfl+ ... +x(&f, 
and equating coefficients of powers of v, gives f. =x(e)fo. Since X(Q) # 1, it 
follows that fO=O and therefore v, divides f. The same argument applies to any 
conjugate gQg_’ of .Q with v, replaced by go,. Therefore, for every g E G, gv, 
divides f. Hence eE divides J 0 
Proposition 2.5. Suppose M = P(V)‘. 17, is a Thorn module over P(V)G where 
UMe P(V) and G is generated by pseudoreflections. Then 
lJ,= nepEP(V) 
where the product ranges over the orbits containing the axis of a pseudoreflection 
Q with &)# 1. 
Proof. By hypothesis, PU,=qU, and therefore by [5, Theorem 2.51 U, is a 
product of classes of degree 2. We proceed by induction on the degree of U. 
First a preliminary observation. Suppose that for every pseudoreflection ,Q E G of 
order prime top, X(Q) = 1. Since x takes the value 1 on all pseudoreflections of order 
p, it follows that x vanishes on all pseudoreflections in G. Since G is generated by 
pseudoreflections this means that x= 1 and there is nothing to prove. Therefore 
there is at least one pseudoreflection Q E G of order prime to p with X(Q) # 1. By 
Lemma 2.4, U, is divisible by e,, where B is the orbit of the axis of Q. U’ = U,/e, 
is again a product of 2-dimensional classes, and hence P(V)‘- U’ is a Thorn 
module over P(V)‘. As its Thorn class is in a lower degree than U, the result 
follows. 0 
We now prove the modp analog of Stanley’s Theorem [ 111. 
Theorem 2.6. Let G< GL(V) be generated by pseudoreflections and x a linear 
character. Then 
P(V),G = P(V)G- fX 
is a Thorn module over P(V)’ and 
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where B ranges over the orbits of axes of pseudoreflections of order prime to p. 
Proof. Note that P(V): ~0. Let Q E G be a pseudoreflection of order prime to p. 
By Lemma 2.4, every f EP(V)f is divisible by es where es is the orbit of the axis 
of Q. Therefore, as in Proposition 2.5, 
P(V): = P(V),G,Rp,...x~S~le~~ - -e; 
where B,, . . . , B, are the orbits of axes of pseudoreflections of order prime top. The 
character xx;p’ ...x;SaS vanishes on the pseudoreflections of order prime to p, and 
a fortiori on pseudoreflections of order p. Hence this character is trivial, so 
P(V);*;p’...@ = p(V)G 
and the result follows. 0 
It is perhaps worthwhile extracting from the preceding discussion the following 
result: 
Proposition 2.7. Suppose G I GL( V) is generated by pseudoreflections. Then every 
linear character x : G + Fp* is of the form n xe a, where B runs over the orbits of 
axes of pseudoreflections of order prime to p. 0 
Remarks. Note that the proof of Theorem 2.6 shows that n ep E P(V): where 
the product ranges over the orbits of the axes of pseudoreflections of order prime 
to p. Thus one sees directly that P(V),” # 0. 
3. Pontrjagin classes 
Our ultimate goal is to determine when a Thorn module arises as the cohomology 
of the Thorn space of a vector bundle. The vector bundle will have Pontrjagin 
classes, so the next question to ask is when for a given q-class we can find a 
Pontrjagin class. For that you have to begin with the question: What is a Pontrjagin 
class in the context of Thorn modules? 
Definition. Let R* be an unstable d*-algebra and q= 1 +ql + .e. 4-q,, E R* a 
q-class defining a Thorn module A4 over R*. We say that 
p = 1 +p,+pz”’ where piER4’ for i = 1,2, . . . 
is a Pontrjagin class for q if, when we set 
4”= l-ql+q*-q3+***, 
$(A)= l-12p,+~4p2+...+(-1)“12”p,, 
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then 
where the product is taken over all pairs {A, -A} (so that A2 runs through the 
quadratic residues in F$. 
Remarks. Here are a few observations to clarify the definition. 
(1) If q=n(l+Xfpl), then 
and 
4= fi (l-Xi”-’ (l-AX;) 
i=l 
)=A ,g 
p* 
p = n (1 +x,2). 
This gives 
p(a) = n (1 +lXj)(l -AXi), 4 = IMA) 
which is the classical relation for bundles. 
(2) One might like to add other properties, such as for example that P’pi is given 
by the universal formula that holds in H*(BO;EJ, but these are not needed in our 
situation. 
(3) Finally, we really intend p to be odd. For p = 2, one should use Sq’, not P’= 
Sq*’ and Sq U= wU, so that q is the Stiefel-Whitney class, and nothing needs to be 
done. Similarly, for p= 3, qi=pi, and again nothing special need be done. One 
may as well assume p> 3. 
(4) There is always a Pontrjagin class if we allow pi+ 0 for all i. For example, 
assume pi=0 for all if0 mod+(p- 1). Then p(J) =p for all ,l and the defining 
equation becomes simply Q =p (p-1)‘2. Using the power series expansion of 
(1 +x)(~- ‘)‘* provides a class p satisfying the defining equation. Thus the real pro- 
blem is to find a finite Pontrjagin class for a finite q-class. 
To formulate our results on Pontrjagin classes we require some notations. 
Notation. Let V= Ok Epp, G< GL(V). For each orbit J? of G on the associated 
projective space Ip(V) (:= space of lines through the origin in V), let s, be the in- 
teger defined as follows. Choose an orbit B c V - (0) of G covering B. For each 
x E B, the line through x and 0 meets B in some number of points, say r. This number 
is independent of B covering B, and XE B. Set 
se = 
Associated to l? 
e, = 
r if B# -B, 
+r if B = -B. 
is also the pre-Euler class [9, $51 
n VL 
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where the product is over lines L C I? and one takes one element from each line. 
Proposition 3.1. With the preceding notations, if U= fl ez-, where B runs through 
the orbits of G on P(V), has a finite q-class in P(V), then q has a finite Pontrjagin 
c/ass if and only if ag = 0 mod SD for ail B. 
Proof. In P(V) one has 
q= fi (1+x:-l) > Ii=~Xi 
i=l i=l 
with 
PU= qu. 
Suppose that p = 1 +pI + “.pn is a finite Pontrjagin class for q. Then 
n 
E(A) = II n (1 -fiX,) = 4, 
fi i=l 
and so @(A) is a product of classes (1 - ,u’x)( 1 + ,u”x) and there must be n such factor- 
pairs, i.e. for each line [x] occurring as a factor in Us times, Q has s(p- 1) factors 
(1 -,ux) and p(A) has 2s such. Then if 
P(l) = n (1 -&x)(1 +p”x), 
the fact that 
B(l) = 1 -p1+ ... + (-l)“p, 
occurs only in degrees divisible by 4 implies it is invariant by multiplication by - 1 
on V. Therefore, after reordering terms, we obtain 
Is(l) = n (1 -,ffx)(l +px) = n (1 -$x2) 
or 
p = n (1 +$x2) 
and therefore 
p = fi (1 +‘$xf) 
i=l 
for suitable choice of ,u~x; in the line [Xi], and 
p”(l) = fi (1 +,L!iXj)(l -,UiXj). 
i= 1 
In order that p(1) be G-invariant, the number of factors 1 -piXi and 1 -g,U;Xi must 
be the same. If B is the orbit of ,UiXi= o and Bf -B, and if p”(1) is divisible by 
1 - u, then it is also divisible by flwEB (1- w)(l+ w). On the other hand, if B= -B, 
then divisibility by 1 - o implies divisibility by nwCB (1 - w). The corresponding 
orbit Pontrjagin classes [9] are: 
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II (1 + w2>, Bf -B, 
WEB 
PB = 
n (l+w2), B=-B 
{w. -w} CL? 
and the result follows. 0 
Remarks. If the finite q-class 
q= l+q,+***+q,EP(vy 
has a finite Pontrjagin class, then the formula 
p = n (1 +x&P(V) 
implies P’pj is given by the same universal polynomial in pi as in H*(BO;Fp). 
4. Invariant theory and Thorn spaces 
In this section we determine exactly which finite Thorn modules over P(V)G, 
where G is a finite group of order prime to p generated by pseudoreflections, can 
arise as the cohomology of a Thorn complex. To this end we begin by discussing 
one of the alternatives to the Clark-Ewing construction [3]. 
We begin with Z[l/‘]/Z and we remark that GL(n,Z;), where Zi denotes the 
p-adic integers, acts on @,Z[l/p]/Z. To see this, note that any element in 
Z[l/p]/Z is of the form a/p’ for some r. If 
then we set 
a(bo+bl+~~~b,_,pr-‘) 
P’ 
This extends to multiply a matrix with entries in ZL by a column vector with entries 
in Z[l/p]/Z to give another such column vector. 
We wish to compute H*(K(Z[ l/p]/??, l);Fp). This can best be done by forming 
the fibration 
Z[l/p] being p-divisible, the total space is modp acyclic, so (use your favorite 
spectral sequence) we conclude 
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deg(t) = 2. The Kunneth theorem then gives 
where deg(t,) = ... =deg(t,) =2. In order to see how GL(n,Zi) acts on 
we consider the inclusion Z/pZ+B[l/p]/Z. The induced map 
K( F Z/pk,l) -K( 9 q-j//q 
yields a GL(n, Zi) equivariant isomorphism 
H*(K( T Z[$]/Z,l):EP) -H*(K( $ r/,r,l);~P)/(Radical). 
Thus the action of GL(n,Z;) on H*(K(@, Z[l/p]/Z, 1);5J is given by the identifi- 
cation 
and the standard action of GL(n,Z;) on 0, EP via modp reduction from 0, Ei. 
Finally notice that the fibration (*) being principal implies it has a classifying map 
K( $ UPLJ) --t : CW), 
from which it easily follows that 
is epic. Thus we may assume that the elements of H2(K(o,Z[l/p]/~,1);~~) are 
the modp reductions of the first Chern classes of complex line bundles. 
Remarks. It is not asserted that GL(n, FP) acts on 0, Z[l/p]/Z. One is able to get 
an action of G<GL(n, ffP) on @,Z[l/p]/Z, and hence on K(@,Z[l/p]/Z,l), 
precisely when the representation G < GL(n, EJ lifts to characteristic zero. Such a 
lift is assured by the assumption 1 G I= 0 modp. 
It is now clear that one can use the space K(@, Z[l/p]/Z, 1) instead of 
X, CP(n& to make the constructions of [3]. 
Theorem 4.1. Let V = 0, IFS, G< GL(V) of order prime to p and generated by 
pseudoreflections. Let x : G + E$ be a homomorphism for which P(V): has a finite 
Pontrjagin class p. Then there is an oriented vector bundle ll B such that: 
H*(B;Fp) = P(V)‘, P(r) = P, H*(T(r 1 B); [FJ = P(V);. 
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Before turning to the proof of Theorem 4.1 we require some preliminary 
maneuvers. Let G be as in Theorem 4.1. Lift the representation G + GL(n, FP) to 
GL(n,Zi) giving an action of G on X=K(@,L[l/p]/Z,l). By crossing with EG 
(= a free acyclic G-space) we may assume the G-action on X is free. Then 
and 
Let WE I/ =H2(X;FP), and let G, = {ge G 1 gw= w} be the stabilizer of w. If there 
is a g E G such that gw = -w, let G’, = {g E G 1 gw = + w}. Form the fibration 
n:X-+X/G,= Y. 
An element ge G,- G, induces an involution on Y (since G’,/G, 2: Z/2 with 
generator g). From our preceding discussion there is a class xeH*(X;Z) reducing 
modp to w. Consider the class 
iiJ= n ( ,,c, h*Xh,,C_, Ji*x dP(X;Z) w w w > 
where n is chosen so that nl G I= 1 modp. Reducing modp we get 
+ = n(lGwlw-(lG,l-lG,I)(-w)) = n)G,Iw = w. 
Moreover, if g E G, - G,, 
g*(G) = n & g*h*x-h,GC_G g*h*x 
w w w > 
= n( kt;_G k*“-& k*(x) = -+. 
w w w > 
Thus w lifts to an integral class ti for which g*fi = -r+. 
Consider the transfer tr(a) EH’(Y;Z) and note that there is a complex line 
bundle v 1 Y with ci (v) = tr(+). Let c = Slav IX. Then < has a G,-action. Extend r to 
a bundle [LX with G-action. For example, one may choose as total space for such 
a5 
E(c) = {f : G + E(r): f(hg) = hf(g) for all h E G,} 
with the obvious projection. Form the quotient bundle c/G LX/G. We are going to 
compute the modp Chern class of c/G in H*(X/G; EP) = P(V)‘. To this end apply 
X* to convert this to a computation in H*(X;lFP) =P(V). We have of course: 
n*(c([/G)) = c(c) EP(V). 
Let G = Ui= 1 giGW be a coset representation of G with respect to G,. We have 
c(C) = JJ Cl+ gi*q(t)) 
i=l 
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= ;fJ (1 +gFn*tr(G)) modp 
since 
n*tr(+) = c h*$ = lG,,l~ modp. 
heG, 
In particular 
where 
c,(c) = IGJ n gi”w = IGJe~ 
ei= n 0, B = orbit(u). 
UEB 
To summarize, we have exhibited for each orbit B C V a complex line bundle cB 
over X/G for which the top Chern class is Aei, J. E F;, and for which 
q = n (1 +up-1). 
UCB 
We must now deal with those orbits B such that B= -B. Return to the fibration 
X+ Y =X/G,, 
with involution g on Y covered by the action of G, on X. From 
g**= -G 
we clearly also have 
g*tr(ti) = -tr(ti). 
We now require a lemma whose proof we postpone to the end of this section. 
Lemma 4.2. Let Y be a connected space with torsion fundamental group and in- 
volution T. Suppose r 1 Y is a complex line bundle such that T*(c,(r)) = -c,(c). 
Then there is a real bundle isomorphism 
covering T that is a conjugation, i.e. FJ= - JF where J induces the complex struc- 
ture of r @ <. 
Applying the lemma in our case we obtain a complex line bundle q 1 Y having a 
conjugation covering the action of Z/2 = G,/G, on Y for which c,(q) = 2tr(ti). Let 
l= rr*q IX. This is an oriented 2-plane bundle with G, action on X. Extend r from 
G, to G giving an oriented vector bundle [ 1 X, and a quotient bundle c/G 1 Y. If 
we let G = lJf= 1 g,G, be a coset representation, then we find 
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n*(q(i/G)) = fi (1 +g”2tr(l.it)Pp’), 
i=l 
jFi (1 +21G,lg,*WP-1) = n (1 +I#~‘) modp, 
{o, ~0) c B 
where B is the orbit of w. The Euler class of the bundle c/G1 Y is given by 
The bundle is oriented if and only if this class is G invariant. If 3: is not G-in- 
variant, then G acts on it via a character x : G + Z/2. Let I 1 X/G be the real line 
bundle corresponding to x : G + Z/2 on fundamental groups. Then (i/G) @ I = 
(i/G) 0 det(i/G) is an oriented vector bundle with q-class 
n (1 +uq. 
(0, -u} c B 
Proof of Theorem 4.1. For any character 
x:G+E; 
we have 
x = n XBfB 
where & runs through the orbits of axes of pseudoreflections. In order that P(V): 
have a finite Pontrjagin class, one must have TV = 0 mods,. Clearly, xp= 1 and 
x2= 1 if and only if B = -B. Thus 
over certain B. From the preceding discussion we obtain for each B a vector bundle 
and the Whitney sum of these bundles has the desired property. 0 
Proof of Lemma 4.2. Note that T*r = c and there is a real bundle map f : r -+ ( 
covering T with fJ= - Jf. In fact, for any Q : Y-C - (0) we get another such 
isomorphism by 
e - (eM0) : e E W3, 
where 71: 5 1 Y + Y is the bundle projection. Note that 
((en)f)2(e) = (e~)f(e(~(4f(e))) = e(T(M))f(e(r+3)f(e)) 
= e(Tr43e(@f2(e) 
is a complex linear bundle map covering the identity map of Y. Our goal is to choose 
Q so that ((~z)f)~= 1. Of course, 
f2(e) = 077(e)e 
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for some 0 : Y + C - { 0). Also, 
@Tn(e)f(e) =f2f(e) =f3(e) =ff2(e) =f(On(e>e) = Orcef(e), 
so 
O(Trr(e)) = 07ce. 
As a first approximation consider 
Then 
1 
Q(Y) = IlO(y E IR+* 
1 1 
@(TY)@(Y)@(Y) = ~ - 
Il@T(Y)II llWY)ll OCy) 
WY) =--- 
II@(Y)II ES1- 
So making this change, we may suppose 0 : Y + S’. Since rc, (Y) is torsion, there is 
a lift to the universal covering exp : R + S’, so that O(y) = exp 2x@(y) where 
C$ : Y + R is such a lift. Now 
@T(y) = O(y) 
gives 
@(T(Y)) = -G(Y) + E(Y) 
where E : Y + Z is continuous. Since 
@(T(Y)) + 0(Y) = s E z. 
Let 
Y is connected, E is constant, and 
e(y) = exp 2ai 
@(T(Y)) + Q(Y) 
2 ’ 
Then 
OVA@ = exp2+ 
@(T(Y)) + @(Y) 
2 
= exp 2ai 
-@(Y) +e --O(Y) 
2 
------G(Y) 
2 
= exp(aie) = (-1)‘. 
Therefore we may choose Q such that 
f2(e) = +e 
with sign depending on r. Having found this f, the map 
fOf:r05-ttOr 
covers T and has the desired properties. q 
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Remarks. As universal examples for the situation of Lemma 4.2 one has: 
- ClP(o3) x S” and conjugation x id, 
- CIp(o3) andj (the usual quaternion unit acting on C=Ip(cx) regarded as complex lines 
in IH(m). 
If ylClF’(o3) is the canonical line bundle, then in the first case the involution is 
covered by conjugation x (- 1) on y x S” with square + 1, and in the second case 
by j on r with square -1. 
Any (Y, T, cl (<)) maps into one of these two situations. 
Note that the two orbit spaces are BO(2) and BN, where N<S3 normalizes 
S’ <S3. One has a homomorphism N-t O(2) given by 
.z2 
z- 
L 
if ZES’, 
conjugation if z = j. 
which realizes the 2-plane bundle for (y 0 y)/Z/2, but there is no 2-plane bundle for 
y itself. The two involutions are distinguished by the mod2 cohomology of their 
orbit spaces: 
H”(BO(2);W = ~,[w,, ~21, H*(BN;[F2) = IFZ[x,, x41/(x;). 
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